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ABSTRACT 
The purpose of this paper is to obtain some new lower and upper bounds on 
K(A) + K-I(A), where K(A) is the spectral condition number of an n x n nonsingular 
matrix A, and compare these with previously known bounds. 
INTRODUCTION 
Let A be an n x n nonsingular matrix, with n 3 3, and CJ~, us,. . . , a, 
the singular values of A, i.e., the eigenvalues of AHA, AH being the 
transposed conjugate of A. The singular values are real and positive 
and so may be ordered such that 0 < a’n < cn_r < * * . < u2 < al. The 
Schur (Frobenius, Euclidean) matrix norm of A, denoted by [IA 11, is 
defined by /IA 1 I2 = tr(A*A) = X:=1 ui2, where tr( * ) denotes the trace of 
a matrix. Let K(A) = ~Jcr~, the spectral condition number of A. Then 
it has been proved that 
neven,; )IA)12(lA-1()2 
n odd, 
I 
< (K(A) + K-‘(A))~ 
< (IIAII llA-1lI - (n - 2)j2. (1) 
The righthand inequality can be found in [l] and the lefthand inequality, 
in a slightly different form, in (31. In this paper these results are generalized 
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and various new bounds are obtained. It is proved that of all 
lower bounds on K(A) f K -l(A) the following is the best: 
LOIZOU 
the new 
n even, ~{IIAHAI1211(AXA)-1112 - 41(A1(2/IA-1/)2 + 3n2} 
n odd, 
< (K(A) - K-l(~4))~. 
With the upper bounds it is demonstrated that, depending on a certain 
condition being satisfied, the best bound is either given by (1) or by 
[(K(A) + K-l(~4))~ + ?‘t - 412 - 4[K(id) + K-l(A) + ‘8 - 212 
G ll~H~l1211(~H4-1112  
These results are discussed and illustrated with an example in the final 
section of this paper. Further extensions of these results are also indicated. 
PRELIMINARIES 
It is assumed throughout that on < or. The following auxiliary 
functions are now defined: 
d,-by) = ;d,-(x,Y) = 4(;- 9y$+ 9, 
t 3Y2 1 7 
Now let 
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r+ = 2 d,+(ai, (Tj), r- = 2 do-(at, aj). * (2) 
h3 ki 
i<j icj 
The results which follow will be derived for r+ and the corresponding 
results for P will simply be stated except when these need special treat- 
ment. It then follows that 
= 1~AHA112/1(PA)-1/12 + 41/A11211A-i112 + 3x2 - sn, (3a) 
since / lAHA ) / = CT& (si4. Similarly, 
r- = pf5j(2y(k%)-lj(2 - 41j~Ij2+4y + 31a2. (3b) 
In this and the following section, $J and q denote distinct integers taking 
the values 2, 3,. . . , a - 1. Then 
(4) 
It is noted here that (4) still holds even if the summation is performed 
over all i. Now from (4) 
a2r+ = z d2+(a,,o,), 
a0,2 
a2r- 
w = 2 d2-bwd 
Also, from (4) it follows that 
a2r+ ___=- 
aa, aa, 
N$+$+$+$ 
( 1 
a2r- ----=- 
aa, aa, 
l(&+Y$5&~. 
( 1 
(5) 
(6) 
DERIVATION OF MAIN RESULTS 
NOW, since 0, < aI, a2, # ai for some i, it follows from the definition 
of d,* and (5) that 
a2r+ azr- 
-> 0 and -> 0 for all*. 
aaP2 
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Therefore, l’+ considered as a function of as, has no relative maximum. 
Hence it assumes its maximum on [an, or] at one of the end points. So 
I’+ is maximized when each ai, 2 < i < n - 1, is equal to either a1 or an. 
Suppose that for some 1, 1 < 1 < n - 1, a1 = az = - a. = al and al+r = 
aL+2 = *a* = an, then 
r+ = I(% - l)(da+(ar, a,) - 16) + Sn(n - 1) 
and correspondingly 
Both of these expressions are maximized when 1 = [n/2], where [x] is the 
greatest integer less than or equal to x. Consequently, 
P = Z(n - I)&-(al, a,). 
rk = 
T da%, a,) + 4+ - 2)) n even, 
n2 _ 1 (7a) 
4 &+(ar, a,) + 4(n - 1)2, n odd, 
and similarly 
z da-(al, an), 
i 
n even, 
r,-,, = as - 1 (7b) 
4 de-(or, a,), n odd. 
Now, since K(A) = al/an, from (3a) and (3b) it is seen that the following 
lower bounds on K(A) + K-~(A) and K(A) - K-l(A) are obtained: 
neven, ~{((AXAIIP(I(AXA)-llje + 4~(A~j2(~A-1j~2 - n2> 
n odd, 
1 
~~ll~~~/l~ll(~~~~-~ll~ + 411~11211~-1112 - n2 - 4> 
< (K(A) + K-1(A))4 @a) 
and 
neven,~{l;AHAl(alj(AHA)-1J(2 - 4(IA112)IA-11(2 + 3n2} 
n odd, ~~ll~~~Il”I(~~~)-‘I/~ -411~/1211~-1112 +3n21 
< (K(A) - K-‘(L~))~. (fW 
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Since [K(A) - K -‘(A)]* = [(K(A) $ ~-l(/f))~ - 4]‘, (8b) may be rewritten 
as an explicit lower bound on [K(A) + K-~(A)]~. 
Now let 
then for each p, 2<p<n- 1, 
Also, for all oi E [on, or], 2 < i < n - 1, 
++(%I> 02) u3,. . .f cn-I) < 0, ++bJ1> u2>'13>... 
and 
(9) 
%l) > 0 
1 E [u?L, alI’ z = jj d2+(x, 5J > 0 for all x, 02, u3,. . . , c, _ 
Therefore, for all CJ~, u3,. . . , cr’n_l E [cn, 011 there exists a unique x satisfying 
4+(x, (72, c73,..., un-1) = 0. PO) 
Suppose that o2 = 62, u3 = a3,. . . , crnpl = 8,-l satisfy 
art ar+ -=o -co 
au2 ’ au, ’ ‘..I 
ar+ -_ = 
ah 
0. (11) 
Now from (10) there exists a unique z%? such that $+(3i, a2, a3,. . , a,_,) = 0, 
but a2, a3,. , an-1 satisfy this equation also, so 3i = 8, = a3 = . . . = 
" 
On-l. 
Now, if 4+(x) = c$+( x, x, x, . , x), then by (9) 
so $+(oJ -C 0, I/+ > 0, and 
(v+ ~ = 4+(x, al) + dz’(x, u,) > 0. ax 
Hence there exists a unique solution 3i E [a,, aI] satisfying Z,&(X) = 0, and 
consequently a unique solution to (11). By inspection it is seen that 
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2= VP crlon satisfies this system of equations. A similar analysis, with the 
same solution, holds for the system 
ar- ar- 
---=(I -=o 
au2 ’ au2 ’ “.’ 
ar- -- = 
au,-, 0. 
and similarly 
Also, 
asr+ 64 a2r- -=--_, ---_= 0. 
ao, ao, ~1~7t au, ao, 
Let G+ = (gij+), G- = (gij-), 2 < i, i < n - 1, be such that 
Now G+ is symmetric and strictly diagonally dominant with positive 
entries along the diagonal. It follows, therefore, from an application of 
the Gerschgorin theorem [5, p. 231 that G+ is positive definite. Also, trivially, 
G- is positive definite. Thus, it follows that the unique minima of r+ and 
r- are attained for c2 = ~a = * * * = o,__~ = VP clcrn. So, from (2) 
rLii, = 8(x - 2)(fi - 3) + 2(fi - 2)da+(V%, Vu,) +43+(% GA,(124 
G, = 2(n - fW~-(V(rb VuJ + 41-(Qb~,). Pw 
From (3a) and (3b) equations (12a) and (12b) may be written as follows, 
taking the positive and negative signs, respectively: 
[(K(A) + &(A))2 + n - 412 i- 4[K(A) + @(A) + n - 212 
< IIAHA1121)(AHW11/2 f 411~11211~-1112. (13) 
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In contrast to the lower bounds (8a) and (8b), explicit upper bounds 
on K(A) f K-~(A) cannot be easily obtained from (13) as in both cases 
this would necessitate the explicit solution of a quartic equation. How- 
ever, it is seen that by adding the two inequalities in (13) the following 
upper bound is obtained: 
[K(A) + K-l(A)12 ,< IIA+I) II(AHA)-‘lI - n + 4. (14) 
This result may also be obtained in another way as described in a later 
section of this paper. 
COMPARISON OF LOWER BOUNDS 
A comparison is now made of the lower bounds obtained in the previous 
section and those mentioned in the introduction. In order to simplify the 
ensuing mathematics, the following quantities are defined: 
5.2 = 2 oi2 = IIAlj2, R, = &v2 = II@j2, PZ = (R2/S2Y2> 
i=l 
s, = 5 c7$ = ~~Afq2, R4 = i IS-~ = 1 I(AHA)-‘l12, ,IJ~ = (Rq/S4)1’2, 
i=l i=l 
x2 = R4.54, p2 = R2S2, v = b - n + 2, K = K(A), y = K + K-~. 
Using the above, the lower bounds to be compared are now summarized 
below. From (1) 
$P2P 
/ 
n even, 
y2 3 
& (P - I), n odd. 
Substituting AHA for A throughout (1) and rearranging 
i 
n even, 
Y2 3 
n odd. 
(154 
ww 
Alternatively, (15b) may be derived by adding @a) and (8b). 
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From @a) 
(Lx” + 4p2 - n2), n even, 
Y2 > 
/ 1’ 
- 
& (u2 + 4p2 - n2 - 4), n odd. 
From (8b), rewriting (K - ~-l)~ in terms of y 
(154 
r2> :&&17_L4P+3.,, 
/ 
V 
; (lx” - 4p2 + 3929, 
::z 
(I5d) 
It is easily seen that, since cc > n and fi > n, if the bounds for n even 
in (15a-d) are taken over all n (even and odd), the resulting bounds are 
worse than those given above for n odd. For this reason, the case of n 
even is dealt with first. Calling the righthand sides, for n even, of (15a-d) 
2 2 2 
Ya > Yb I Ye t Yd 2, respectively, it is easily verified that each of the three 
inequalities 
is equivalent to 
yd2 >, yb2> yb2 3 yc2, yc2 3 Ya2 
no: + n2 2 2p2. (Isa) 
Accordingly, if it can be shown that (16a) holds then yd2, the lower bound 
given by (Ed), is better than all the others. 
LEMMA. Let A and B be real-valued random variables with finite mean 
and variance, then 
1/E(A2)E(B2) + E(AB) 3 ZE(A)E(B), 
where E(X) is the expectation of X. 
Proof. For any real-valued random variables X and Y, with finite 
mean and variance, 
E([X + Y12) 2 [E(X + VI2 2 [E(X + VI2 - [E(X - Y)12, 
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i.e., 
E(X2) + E(Y2) + SE(XY) >, 4E(X)E(Y). 
Assuming E(A2), E(B2) > 0, let 
W2) X=,uA, Y=,rlB, where p4=---, 
W2) 
p > 0, 
then 
E(x~) = VE(A~)E(B~) = E(Y~), E(XY) = E(AB), E(X)E(Y) = E(A)E(B), 
so the result follows. If E(A2) = 0 or E(B2) = 0, i.e., p = 0 or co, then 
E(A) = 0 or E(B) = 0 also, and E(AB) = 0, so the result holds trivially. 
COROLLARY. Let I be a discrete random variable uniformly distributed 
on (1, 2, 3,. . .) n}, and A and B functions of I, such that A(i) = oi2, B(i) = 
~~~~~ then on simplification the lemma yields :
ncr + n2 > 2fi2. 
Thus the following is proved: 
THEOREMS. 
Yd2 3 Yt12 3 Ye2 ya2. n 
The case of n odd is more complicated and the corresponding result 
to (16a), namely 
V(n2 - 1)(a2 - 1) + (n2 - 1) > 2(fi2 - l), W) 
may be proved by using the same method as that used in the following 
section to find the maximum value of E, defined by (19). An outline of 
this proof is given in an appendix. A result corresponding to Theorem 1 
for the case of n odd may then be stated, 
COMPARISON OF UPPERBOUNDS 
The upper bounds on y are now compared. Firstly, these bounds are 
summarized below. From (1) 
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y2 6 (P - n + q2. (174 
From (14) or, alternatively, by substituting AHA for A in (1) 
y2<u--n+4. (1W 
From (13) taking the plus sign 
(~2 + n - 4)2 + 4(y + n - 2)2 < a2 + 4P2, (I7c) 
whilst taking the minus sign 
(ys + n - 4)s - 4(y + PZ - 2)2 < tc2 - 4p2. (I7d) 
Call the righthand sides of (17a), (17b) jja2, Ta2, respectively. Now let 
P*(x) = (x2 + n - 4)2 f 4(x + n - 2)2 - (~9 f 4p2). 
It is readily verified that P*(x) is monotonically increasing for x > 2, 
P*(2) < 0, and P*(x) --, co, as x + co. Let Tc, yd be the unique real 
roots of P+(x) = 0 and P-(x) = 0, in (2, co), respectively. Then, since 
P*(y) < 0, the best bounds obtainable from (17~) and (17d) are y2 < 702 
and y2 < jjd2, respectively. It is readily verified that each of the three 
inequalities 
is equivalent to 
CI - n + 4 < (/l - M + 2)2 = y2. 
This establishes : 
THEOREM 2. If (18) holds then 
otherwise 
(18) 
It might be supposed that, as with (16a), inequality (18) would always 
hold, but, in fact, it is shown below that this is not always the case. 
However, (18) can sometimes break down although it appears that this 
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only occurs in fairly restricted circumstances. There are two sets of cases, 
firstly when the n - 2 singular values os, crs,. . . , (T,_~ are clustered near 
one or other end of the closed interval [(T,, ai] and y is suitably bounded 
above. The second case is when these n - 2 singular values take on values 
which are suitable perturbations of the case in which they are all equal to 
I/ax(when 8 defined below is equal to zero), and again y is appropriately 
bounded above. This second case is illustrated in Case II of the discussion 
below. For sufficiently small y, the ranges of possible perturbations in 
the above two cases may overlap, so that, for example, e” is positive if 
cr2 = u3 = * * * = an-i = o, for any cr with on < g < ai, provided y is 
bounded above by a quantity approximately equal to vg. 
To justify some of the above comments the function E defined by 
E(61, 02,. . , 0,) = cc - ?z + 4 - (p 2 ?z + 2)s (19) 
is considered, and in the remainder of this section g is investigated with a 
view to finding its maximum (if any), and where this occurs. It is first 
proved that B attains its maximum value at a local maximum, i.e., there 
exist 6i, 82,. . . , 3,, all finite and strictly positive, such that 
It is first shown, by means of an example, that, for any n > 3, s” may be 
positive; it then only remains to prove that 8 is nonpositive for large 
values of oilon. 
EXAMPLE. If n > 3, o2 = os = - - * = on = 1, crl = )‘2 then S > 0. 
This is proved at the end of this section and may be deduced from (34). 
If, for example, 1z = 4, then S = 0.002897. 
Let zi = oJ(m > 1, 1 < i < n, and suppose that tl = cc) >> n. Either 
(I) there exists q, + > 7 > 0, such that for some unique integers k 
and 1 (perhaps depending on q) 
where either k > 1 or k + 1 + 1 < n, or 
(II) r2, t3,. . . I T,_~ are arbitrarily close to v; 
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CASE I. Consider 
From the definitions of w, q, k, 1, it may be verified that 
(fi - 12 + 2)* > (PI - n + 2)* = 2 + O(W3), 
j=l j=k+lfl 
where 
/$12 = f: tj2 2 tjm2. 
j=l j=k+l+l 
Since either k > 1 or k + 1 + 1 < n, it may be shown that 
p1* > 5 tj* i: 21-4 + w*--211, 
j=l j=k+l+l 
so 
(p - n + 2)4 > 2 zj4 i; t .-* + w*--2n + O(w3). 
j=l j=k+l+: 
Similarly, 
(a - 12 + 4)2 = 5 tj*k tj-* + O(W*-*‘). 
j=l j=k+l+l 
Hence, for sufficiently large w 
(a - n + 4)2 - (P - n + 2)4 < - w*--2n + O(w3) + O(w4-4”) < 0, 
so E < 0. 
CASE II. If z2 = tg = * * * = -c,__~ = l/W then E = 0. Using a 
perturbation technique, if ti = l/w(l + EJ, 2 < i < n - 1, and E = 
max,leil, then 
n-1 2 
o- ( w + w-1 2 -- w+w-1+n-22w2+w-2+n-2 )( 1 g2Q 
n-1 
-(w + w-l- 2),S2&i2 + W3) 
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and the quadratic form in (~a, ~a,. . . , E,_~) is negative definite iff 
w+o.+-2>(?2-2) ( w + w-l 2 w+w-r+n-2 _, - f32+W-2+,-2 j 
which may be shown to hold if w + mu-l > 1 + Vn - 2. Accordingly, 
in all cases % < 0 for large cc). 
Since 8 is positive for some values of (err, a2,. . . , a.,), the maximum of 
% must be positive and this must be attained at some local maximum, say, 
(&, &, . . . , a,). As B = 0 if all the ai are equal, i.e., K = 1, and the 
maximum of 8 is positive, it must be the case that 3, < Gr. At the maximum 
(4, $2,. . . I a,) 
ae” -=o, 
aa, 
p=1,2 )...) n. 
Define 
H(x) = p4x4 - vp@ + yp2-1x - p4-1, 
J(x) = 134%~ - 2~~~x3 - 2vpp-1x + p4-1. 
From (19) a.Z/aa, = 2a,-5H(a,2). Suppose that $r, &, . . . , 2, are any set of 
(ai> which satisfy (20). Let I?(x) denote H(x) where pz, p4, v are defined 
at (a,, 6s,. . , 8,). Then fi(6r2) = fi(3a2) = * . . = I?(an2) = 0. Now I?(x), 
considered as a function of x, has at most three positive roots, so each of 
the 8, must be equal to one of these three roots. So there are at most three 
distinct 8,. 
Consider now 8, when there are only three distinct ai, say, kr equal 
to ar, k, equal to at and k, equal to a,, where k, + k, + k, = n. Then, for 
p = 1, t, n, 
a% _ = 2kpaD-5H(a,2), $ = 
aa, iaPe4 J(a,') . B 
Consider the problem of maximizing 8 as a function of ar, at, a,, k,, k,, 
k, subject to 
0 E k, + k, + k, - n = 0. (21) 
The maximum must satisfy (21) and 
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g++o, 
2, ?J 
$+A$-=O, p=l,t,n, i.e., 
P 0 
H(crp2) = 0, J(ap2) + .2RcrD4 = 0, p = 1, t, n, (22) 
where 1 is a Lagrangian multiplier and kl, k,, k, are assumed to be all 
different from zero. Defining 
A(4 = H(x) - (J(x) + 21x2), w = (H(x) + J(x) + 2AX2)/% 
let Si, 8,, an, ki, k,, b,, i be any solution of (21) and (22). If A(X), B(x) 
denote A(x), B(x) with p2, p4, v defined at (8,, St, 5,, ki, A,, k,), then it 
follows that 
A(&2) = A(Q) = d&2) = 0, Q&2) = B(@) = B(Q) = 0. 
Now A, & are cubits in x, so either they must be multiples of one another 
or Gi = 8i or Gt = 3,. In the case in which 8r, at, 2, are distinct, equating 
the ratios of the coefficients of A(X) and B(x) yields 
$2 = (p - n + 2)s = 4, (23) 
which implies that Gr = St = G,, otherwise the assumption following (22) 
must be incorrect, and one of kl, k,, k, must be zero. So, in all cases, there 
can be at most two distinct 8,. 
Now suppose that 
wherel<k<n-1,then 
P2=n2+k(n-k)(~2+tc-2-2), a2=n2+k(n-k)(~4+~-4-2), (24) 
SO 
aE 
ak= (n - 2k)(tc - K-I)” 
(K + K-l)2 _ fi - ; +2 
2u 
, 
(25) 
and 
g = 2k(s - k) (K”;K-‘){“;K-” 7;‘“). (26) 
Consider 3 as a function of K and k. Then the maximum of 3 is given 
when both (25) and (26) are equal to zero. The following three cases now 
arise : 
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(1) K = K-l = 1, which is impossible since $i > an. 
(II) K # 1, ?t = 2k, (K2 + Ke2)/cC = (B - n + 2)/p. This implies 
1z = 2 which is excluded by hypothesis. 
(III) K # 1, ?Z # 2k, (K2 + K-“)/a = (p -‘PZ +2)/p = (K+ K-‘)“/(24. 
These two equalities imply that K = 1, which is excluded. 
It can, therefore, be deduced that the maximum value of % as a function 
of K and k is not attained locally. Since it has been previously proved 
that c” is nonpositive for C~/CJ~ = K >> n, it can therefore be deduced that, 
if E does not attain its maximum locally, the maximum value of s” will 
be attained at one of the extreme values for the range of k, i.e., either k = 1 
ork = n- 1. 
Although, in the context of this paper, k is assumed to take only 
integral values, the above argument obviously holds for k continuous in 
[l, n - 11. It is, however, worth considering briefly the case in which k 
is continuous in [0, PZ], since in this case the previous argument that 
s” < 0 for K + CC is no longer valid. 
EXAMPLE. If k(n - k) = 4, that is km l/(4%) or k RS n - l/(4%) then 
s” N K2/4 which tends to + co with K. 
Furthermore, for any fixed K there are exactly two zeros of %/ak, 
k’, k”, corresponding to maxima of %. These satisfy 0 < k’ < 1, n - 1 < 
k” < n, and the value of s at these two maxima tends to + 03 as K --f co. 
These facts may be easily verified as follows. 
For fixed K > 1 aE/ak = 0, if either k = n/2 or 
2x(b - n + 2) = b(K + K-1)2. (27) 
By considering a2.5/“/k2, it follows immediately that k = n/2 and (27) give 
respectively minimum and maximum values of Z”. Now let 
s = k(n - k), (28) 
O=(K-K --1)2 = (K + K-1)2 - 4, (29) 
8=/?-n, (30) 
Using (28), (29), (24), (30) to eliminate k, K, cc, 8 and p (27) reduces, after 
dividing through by 6 (6 > 0 since K > l), to the following quintic equation 
in 6, with coefficients involving only n and s. 
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(4s - 1)65 + (16%~ + 16s - 6n)d4 + (16~~ + 16n2s + 64~s + 8s - 13n2)d3 
+ (32ns2 + 64s2 + 64n2s + 32ns - 12n3)a2 + (4n2s2 + 128ns2 + 48s2 
+ 24n2s - 4n4)B + 16n2s2 + 96ns2 - 16nas = 0. 
Now, since n 2 3, if s = n - 1 it is easily verified that this polynomial 
has strictly positive coefficients, which are strictly increasing with s for 
s 2 n - 1. It follows, therefore, that, for the existence of a positive root 
for 6, s < rz - 1, that is k2 - nk + n - 1 > 0 whence k < 1 or k > 
n - 1. Since, furthermore, the coefficients of this polynomial are strictly 
negative, if s = 0, there must exist k’, k” (k” = n - k’) with 0 < k’ < 1, 
n - 1 =c k” < n for which i3Ejak = 0. It can now be seen that for large K, 
k’w 1/(4n), k” mn - l/(4%). k(n - k) M Q, so c” tends to + co with K 
as mentioned in the earlier example. 
Now, in order to determine the global maximum of c”, it is only 
necessary to maximize 2 over K > 1, for k = 1, or n - 1. In this case, 
since it has been shown that 8 < 0 for K --f co, the maximum must occur 
when K > 1 and aE/aK = 0, i.e., 
C.@ - ‘i2 + 2) = fi(K’ + K-2). (31) 
By considering a28/aK2, it follows that (31) gives maximum values of 8. 
Using the same method as before, the following quintic in 6 is obtained, 
after simplification : 
IT(d) E d5 + (4% + 2)d4 + (4n2 + lln - 2)d3 + (12n2 + 8n - 8)a2 
+ (- 3n3 + 20n2 - 7n - 6)s - 4n3 + 16n2 - 12n = 0. (32) 
If PZ = 3, the constant term of (32) is zero, that is 6 = 0 is a solution to 
(32) ; also, for this value of n there will be no change in sign in consecutive 
coefficients of (32), so the maximum of .? occurs when K = 1, i.e., 8 = 0. 
When, however, n > 3 there is exactly one change in sign in consecutive 
coefficients, so a unique positive solution for 6, and thence for K, exists, 
since the leading coefficient is positive and the constant term negative. 
Since 6 20 and TZ > 3, n(V&) > 0, and it may be proved that there 
exists a unique root &, of (32) such that 0 < 6e < V& and, for large n, it 
may be verified that 6,, = Vaw + O(1). Hence using (24) with k(n - k) = 
n.-l,S= (n/4) + O(n1/2) and this is the maximum value of 5. In this 
case 
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It is now verified that in the case in which (ri = c2 = * - * = ok, 
a k+l = ak,+2 = * - * = cn, Cl # on, c” is only positive when k = 1 or 
k = n - 1. From (24), with s = k(n - k), 
,9 = 93 + 4(@2 _ 9) + i!$?f, 
so substituting 6 = P - n > 0, 
c? = Pz2 + 46(6 + 2%) + 
a2(d + 2n)2 
-. 
s 
Hence, 
s > 0 0 tcs > (62 + 46 + n)2, 
i.e., iff 
(S - 1)a2 + 4(2s - n)6 + 2ns + 12s - 4n2 < 0. (33) 
This can only hold if the discriminant of the quadratic in 6 is positive, i.e., 
iff 
2s(n-2)(2n-3-s)>O 
or, since s > 0, n 3 3, s < 2n - 3. For N > 3 this is true only for k = 1, 
2,~ - 1, n - 2. For k = 2 or n - 2 (33) only holds if - 4 < 6 < 
2/(2n - 5) - 2, which is never true for positive 6 since n > 3. For 
__- 
k = 1 or n - 1 (33) holds if - 2 - v2(+2 - 1) < 6 < - 2 + v2(n - l), 
so, since 6 > 0, 
s”>ot>o<6<-2++2(%-l), (34) 
and this is only possible if n > 3; (34) may be alternatively written as an 
upper bound on y = K + K-l, Or K itself, for example, if % = 4, K2 < 
2.924, and if n = 10, K2 < 7.408. It is thus seen that in this case, in which 
there are only two distinct ui, 9 > 0 only if the n - 2 middle singular 
values are at one or other of the ends of the range [on, ai]. 
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DISCUSSION 
From the previous analysis it is clear that the best lower bound is 
always given by (15d), whereas the best upper bound will be given by 
either (17a) or (17d), although the latter will more often give a sharper 
bound. However, (17d) requires the solution of a quartic equation, Various 
explicit upper bounds on yd may be obtained, if some lower bound on y is 
known. For example, if y > 2 + ,LJ, U > 0, then it may be shown that 
y2 = (K + K-1)2< (35) 
Other similar explicit upper bounds approximating to $jd may also 
be obtained, or, alternatively, the quartic equation derived from (17d), 
P-(x) = 0, may either be solved explicitly or by using some iterative 
method. It is noted here that, since it has been shown that P-(x) is convex 
towards the x-axis in [Td, cc), the Newton-Raphson iterative scheme will 
converge to yd from any starting value which is an upper bound on jjd, so 
if E < 0, ya or yb will suffice. 
In the same way that the new upper and lower bounds derived in this 
paper are a second order extension of the results mentioned in the introduc- 
tion (I), it is clear how higher-order extensions may be obtained in an 
analogous manner. For example, substituting AAHA for A in (1) yields: 
112 < K3 + K-3 < 6 - +a + 2, (36) 
where5 = (jAAHA[( II(LL~HA)-~\(. WritingK3 + K-3 = y3 - 3yandusing 
the bounds of (1) to eliminate the linear term 37, the following bounds are 
obtained: 
if 12 even, f (5 + 3P) 
< (K + K-1)3 
if n odd, ___ (‘II42 - 1 + 31//P - I) 
< E + 3p - 4% + 8. (37) 
Alternatively, since x + x-l is monotonic for x > 1, (36) may be used to 
generate quadratic equations for lower and upper bounds on K3. 
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The various bounds so far obtained are illustrated in the numerical 
example that follows. 
EXAMPLE. Let 
A= 
i 0  1 013 1 2 1 3 1
\o 0 0 1 
then 
11 11 
12 3 4 
ATA = 
1 3 6 10 
4 -6 4 -1 
-6 14 -11 3 
, (ATA)-l= 
* 4 -11 10 -3 
\ 1 4 10 20 -1 3 -3 1 
It may be verified that 
fi = IJA1/2 = ))A-11/2 = 29, M = IjAHA II2 = ll(AJfA)-'l/2 = 697, 
P = 489189, r- = 482493, 
+ +j/561& 1/(29 v~561)~ - 16 
26.304704 
c12, a4 2 = 29 + 0.038016 ’ 
i> 
A-1 = 
a227 03 2 = 1 4 
29-Vii%-& v(29 - 1/561)2 - 16 
Hence K + K-l + 26.34272, (K + K -I 2 =i= 693.9389. The lower bounds ) 
given by (15a-d) may then be computed: 
ya2 = 210.25, yb2 = 350.5, ye2 + 349.698, yd2 + 351.308, 
yC2, yd2 having been rounded down. It can be seen that, as previously 
proved, yd2 is the best bound. Turning now to the upper bounds, from 
(17a,b) 
ya2 = 729, rb2 = 697. 
Since pa2 < pa2 it follows from the previous theory that yd2 will give the 
best upper bound. By solving y4 - 4y2 - 16~ - 482461, using an iterative 
method, yd2 is found to be approximately equal to 696.900971. The bound 
given by (35) with ,u = 16.7431 = yd - 2 gives y2 < 697.0047. That this 
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is not better than Tb2 is due to the fact that the lower bound chosen for ,u 
is not very sharp. 
Considering now the bounds of (37), it is found that 6 = 18212, so 
that 9149.5 < (K + K-1)3 < 18291 whence 
437.453 < y2 < 694.212. 
If (36) is used to get bounds on K3 then 
438.067 < y2 < 694.162. 
It is thus seen that these bounds are better than all those obtained previously. 
In general, the bounds obtained in this way by higher order extensions of 
(l)-(36), (37) being third order extensions-will improve as the order 
increases, tending asymptotically to the correct values. It may be verified 
that if a pth order extension gives bounds of the form 
L, < Kp + K-’ < u, 
then LplIP, uD1/P -+ K as p -+ cc. 
APPENDIX 
The following analysis justifies (16b) for the case in which n is odd. 
It should be noted that (16b) is not necessarily true if n is even. Let 
sz(o,, c2,. . . , 0,) = v(ns - I)($ - I) - [2(P2 - 1) - (+z” - I)]. (AI) 
The minimum of the function 0 is now obtained by the same method as 
that used to find the maximum of 8 in the section following equation (19). 
It is first proved that 52 3 0 for large values of K. Again, let 
and suppose that ri = o >> n. Either 
(I) there exists r], 0 < 17 < 1, such that 
0 = ri > rs > * * * >, ‘tk > co” > zk+l 2 - * - > t, = 1 where k # (n & I)/2 
or 
(II) (n f 1)/2 of the ti are arbitrarily close to tl and the other 
(n F 1)/2 ri are arbitrarily close to r,. 
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CASE I. It may be proved that for sufficiently large cc) 
(n2 - l)(c? - 1) - (282 - X2 - 1)2 3 8w4 + O(co49 + O(df2y > 0, 
where C = max(q, 1 - ^/I) so, 4 < C < 1. Hence .Q > 0 for sufficiently 
large 0. 
CASE II. If tr = zs = . . - = tt,,1j,2, tt,+2+lj,2 = . - - = T,_~ = z, then 
Q = 0. Letting 
L w(1 - EJ, 
nfl 
2 < i < 2) 
ti = 
1 + Ei, 
fi+2+1 
2 
<i<n--1, 
after some manipulation (n2 - l)(~~ - 1) - Mb2 - n2 - 1)2 may be 
obtained as a quadratic form in (e2, e3,. . . , E,_~) with error term 0(e3), 
where E = maxileil, and it is then easily verified that for large enough w, 
this quadratic form is positive definite and thus, for all (e2, e3,. . . , E,_~), 
52 > 0. 
Therefore, in all cases Sz 3 0 for sufficiently large w. In order to show 
that, in general, Q > 0, the case of a local minimum is now considered. 
Suppose B attains its minimum value at some point (ai, a2,. , 8,). At a 
minimum 
as2 -=o, 
afJ, 
p=1,2 )...) n. 
By the same analysis as in the case of E there are at most three distinct 
Gi satisfying (A2) for p = 1, 2,. . . , n. Again supposing that k, of the oi 
are equal to (rz, for ~5 = 1, t, n, and assuming k,, kt, k, all nonzero it may be 
verified, using the same argument as previously, that either at = Z1 or 
4 
crt = 8,, or if $r, 3t, 8, are distinct, then corresponding to (23) 
= R&, 
so,sincecr>,n>l, 
fi2 = a2(fi2 - n2 + 1). (A3) 
It is easily verified that c( > fi > n with equality if and only if all the ui 
are equal. Hence (A3) implies that p = cc = n and, therefore, 8, = 
Gt = 6,. So, as before, there can be at most two distinct ai. 
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Now suppose that oi = a2 = - - - = uI, CY~+~ = ulf2 = * * * = a,. Then, 
let k = min(Z, n - I), so k(n - k) = Z(n - I), 1 < k < (PZ - 1)/Z, and (24) 
again holds. So, corresponding to (25) and (26) 
$ = (n - 2k)(K - /+)’ 1 12vz (K + K-1)2 - 2 }J (-44) 
ai2 
-=2k(n-k)(K2;K-2){j/$$(K2+K-2)-2}. (A5) 
aK 
At a local minimum of Sz (A4) and (A5) must be zero, and this time there 
are only two cases to consider, since k < (n - 1)/2. 
(I) K = K-l = 1, in which case G1 = L?, and D = 0. 
(II) K # I, 
1 
3 (K + K-1)2 = 2 = 
These two equalities imply that K = 1, which is excluded by hypothesis. 
It can, therefore, be deduced that Q as a function of K and k either has a 
minimum value of zero or its minimum is not attained locally. The case 
of K -+ 03 has already been dealt with, so it only remains to consider the 
extreme values for k, that is 1 and (% - 1)/2. It is easily verified that, 
for k = (n - 1)/2, s2 = 0 and that, for k = 1, Q > 0 with strict inequality 
for 1z > 3. 
Accordingly, Q has a global minimum of zero, so (16b) is valid. 
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